Henderson Method 1
L. R. Schaeffer, April 27, 1999

Method 1 was derived by Dr. C. R. Henderson in 1949 as a result of his Ph.D. thesis
work at Iowa State University. The method was not published until 1953 along with
Methods 2 and 3 in Biometrics in one of Henderson’s landmark papers. Method 1 applies
the analysis of variance(AOV) procedure for balanced data to unbalanced data. Method
1 is only applicable to models that are completely random, i.e, Xb = 1u. Method 1 is
theoretically derived to be unbiased and translation invariant but only under a model
of completely random mating and no selection. Method 1 is probably the easiest of all
methods to calculate.

Definition of Quadratic Forms
Three types of quadratic forms are defined for Henderson’s Method 1. They are
Q; = I, which gives
YQuy = ¥y
= Total Sum of Squares,
Q: = (1/N)J = (1/N)11’ which gives
yQy = (1/N)y'1l%,
= Sum of Squares due to Mean,
Qiv2 = Zi(ZiZ:)'Z;
for i = 1 to s is the number of random factors in the model. The quadratic form is
y'Z:(Z\Z;)" ' Zy.

Note that Z;Z; is a diagonal matrix whose elements are the number of observations in
each level of the 7™ random factor, and that elements of Zy are the sums of observations
within each level of the i"* random factor. Let n;;. represent the k* diagonal element of
Z.Z;, then y'Q;0y = S (y% /nix) where ¢; is the number of levels of the i random
factor.

Each of the Q-matrices in Method 1 has the following properties;

1.
Q.l=1
for m = 1 to s+ 2. That is, each Q-matrix has elements which add to 1 within each
row, and
2.
QnQm = Qnm

for m =1 to s 4+ 2. That is, each Q-matrix is idempotent.
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The first property is necessary for Method 1 to give translation invariant estimates of the
variance components, and the second property allows the expectations of the quadratic
forms to simplify to easy computing formulas.

Expectations of Quadratic Forms

The expectations of the Method 1 quadratic forms are easy to derive. Recall that

Var(y) = V= iviof, and
Ey'Qy) = tTQ\;_—: b'X'QXb.
For Method 1 we have Xb = 1y so that
b'’X'QXb = 11*1'Q1
and because Q1 = 1 for all of the Method 1 quadratic forms, then
121'Q1 = p?1'1 = N2,

Hence, all quadratic forms in Method 1 have Nu? as part of their expectations. Conse-
quently, when differences are taken among these quadratic forms, then Np? is eliminated,
and the estimators are translation invariant.

Now concentrate on trQV for each of the three types of quadratic forms. For the Total
Sum of Squares,

Ey'y) = trV+Nu?
trv. = tr()_2;Zio} + 107)
i=1

S
= Y trZ;Zio; + trlo]
=1

S
= Y trZjZ,0} + Noj

i=1
S S

= > No? + Nop = > No?.
i=1 i=0

Trace of Z;Z; is the sum of the n;; for the g; levels of factor ¢ with > % , n;; = N. Hence,
the expectation of y'y in Method 1 is always

E(y'y)=N p>+) Na}.

=0

For the Sum of Squares due to the Mean,

trQV = Y trQuZ;Zio} + trQqog

i=1



= > (1/N) tr11'Z;Z}o} + (1/N) tr1l'c;
=1

= ) (I/N)(A'Z:)(Zi1)o} + o5
i=1
= il/N Zn Joi + og
i=1
Thus, the expectation of the sum of squares due to the mean in Method 1 is always
Bl(/Ny11'y] = N + SN n3)o? + o
i=1 k=1

For the Sum of Squares for each random factor,
S
trQ,V = > trQunZZo} + trQuoq
=1

= > tr[z;zj(z;.zj)*lz;zi]ai2 + tr[z;zj(z;zj)*l]og

=1

S q]Z
= Z[Z h=1 kh]a + trlgof

i=1 lg=1 .

where ny;, is the number of observations within the kh** subclass between factors 7 and
j. When 7 equals 7 in the summations, then ng; = ng. and the entire coefficient simplifies
to N. The coefficient of o simplifies to g;.

Obtaining Estimates

Let w be the vector of quadratic forms, i.e.
w =[y'y N1y yZi(Z,2.))7'Zy ... YZ(Z,Z,)"'Zyy |
and let ¢’ = [ 0% of ... 02 ], then
E(w) = Fo + 1 N2
where a typical element of F is trQ;V; for the j% quadratic form and the i** component.

Traditionally with balanced AOV tables, the sum of squares due to the mean was
usually subtracted from the other sum of squares. Similarly, find any matrix K’ such that
K’'1 = 0 and K’ has full row rank, then

E(K'w) = KFo + K1Ny?
= K'Fo
because K'1 = 0.



To estimate o then equate K'w to its expectation so that

KFo = Kw
6 = (KF)'K'w.

However, we could have obtained estimates without using K’ by

A~

(;):[F1N]W:

An Example

Consider the case of milk yields by daughters of dairy bulls in several different herds.
Let s, the number of random factors in the model, be two (herds and sires), and thus,
there are three components of variance to estimate. Data for analysis appears in the table
below. Milk yields are given in percentage units relative to a breed mean for cows of a
certain age and month of calving. The total sum of squares is 390,729.

Example dairy data for Method 1 analysis.
Herd Sire Daughter Milk Yields Subclass totals

1 1 157, 160, 138 455  (3)
2 96, 110, 115, 120 441 (4)
3 82, 65, 147 (2)
4 120, 130, 110 360 (3)
2 1 140, 142, 145 427 (3)
2 122, 117, 98 337 (3)
370, 94, 164 (2)
3 2 112, 125, 105 342 (3)
3100, 92, 192 (2)
4 116, 129, 133 378 (3)




Totals Number Sum

By Sire 1 6 882

2 10 1120

3 6 503

4 6 738

By Herd 1 12 1403

2 8 928

3 8 912

Overall 28 3243

Quadratic Forms
vy 390, 729.
(1/N)y'11'y (3243)2/28 = 375,608.8929

For herds :
y'Z,(Z\Z,)"'Z}y

For sires :

Y'Z2(Z4yZ,y) " Zhy

Expectations
E(y'y)

E[(1/N)y'11'y] =

where
ki, =

(1403)%/12 + (928)%/8 + (912)*/8
375,650.0834

(882)?/6 + (1120)%/10 + (503)%/6
+(738)%/6
388, 036.166667

Ny’ +Nog+Noj+N o,
28 p? + 28 of + 28 07 + 28 75

N i +1 02 + k102 + kyo
28 p? +1 02 +9.714286 02 + 7.428571 o2

[ (12)* +(8)* + (8)" ]/28
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= 9.714286
ky = [(6)*+ (10)*+(6)* + (6)* /28
= 7.428571

For Herds :
Ely'Z\(Z\Z,)"'Z}y] = N 1>+ qo5+ N o} + k305
= 28 12 +3 02 +28 02 + 8.666667 o2
where
ks = [32+42+224+3%]/124+[3>+324+22]/8

+[ (32 +224+3%]/8
38/12 +22/8 + 22/8

= 8.666667

For sires :
Ely'Zy(ZyZ5) ' Zyy] = N p’ + ¢oop + kaoi + N 03
28 2 +4 0f 4+ 11.4 07 + 28 o2
where
ke = [3%+3%]/6+[4*+3%+3%]/10
+[22+224+22]/6 +[3>+3%]/6
18/6 + 34/10 + 12/6 + 18/6

= 11.4.
Solving for Estimates
28 28 28 28 2 390, 729.
28 1 9.714286 7.428571 o8 | 375,608.8929
28 3 28 8.666667 6% | 375,650.0834
28 4 114 28 o3 388, 036.1667

Premultiply both sides of the above by K’ where

1 -1 0 O
K=|1 0-1 0
1 0 0 -1

Ignoring the column for p? which becomes all zeros, then we have

27 18.285714 20.571429 62 15,120.1071
25 0 19.333333 62 | = | 15,078.9166
24 16.6 0 65 2,692.8334
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The resulting estimates are

65 = 149.4246,
6? = —53.8167,

63 = b586.7225.

Sampling Variances of Estimates

Let T'SS, MSS, HSS, and SSS represent the quadratic forms for the total sum of squares,
mean, herds, and sires, respectively, then the coefficients of the unknown parameters for
computing the variances and covariances of the corresponding quadratic forms are in the
following table.

ofs olo? olos ot olos oy
TSS 56. 112. 112. 544. 328. 416.
TSS,MSS 2 38.8571  29.7143 196.5714 288. 117.7143
TSS,HSS 6 112. 34.6667 5H44. 328. 132.6667
TSS,SSS 8 45.6 112. 224.5333 328. 416.
MSS 2. 38.8571  29.7143 188.7347 288.6531 110.3673
MSS,HSS 2. 38.8571  29.7143 196.5714 288. 110.3810
MSS,SSS 2 38.8571  29.7143 188.8762 288. 117.7143
HSS 6. 112. 34.6667 5H44. 328. 112.9514
HSS,SSS 2.4111  45.6 34.6667 224.5333 328. 132.6667
SSS 8 45.6 112. 193.5867 328. 416.

Each line above would also have a function, 4 b’X'QVQXDb, associated with it which will
be identical in each term (variance or covariance). These terms have been ignored since
they will disappear when differences between pairs of quadratic forms are taken.

Now assume the true components of variance have the following values; o3 =5, o} =
.1,and 02 = 1. Post-multiply the table of coefficients above by the vector (25 .55 .01 .1 1)
which correspond to the columns of the table above, and store the results in matrix form

as
2470.2400 366.4800 550.2400 1233.8453

366.4800 359.1200 359.1467  366.4030
550.2400 359.1467 530.5247 424.1231
1233.8453 366.4030 424.1231 1233.5359

Using the same K’ as before for taking differences in quadratic forms, then

2096.4000 1912.6667 1236.3177
Var(K'w) = | 1912.6667 1900.2847 1110.2778 |,
1236.3177 1110.2778 1236.0852

Var(w) =
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and if we let )
27 18.285714 20.571429 \ ~
P=(KF)'=| 25 0. 19.333333

24 16.6 0.
then 6 = PK'w and

2.2956 —.2959 -.3218
Var(PK'w) = [ —.2959 5428  .0157
—.3218  .0157 2.0778

The variance of 62 is then 2.2956 provided the true variances are o3 = 5, 0? = .1, and
o5 = 1. The covariance between 62 and 62 is -.3218, etc. For this small example, the
variances of the estimates are quite large. Another set of true values could be used to
derive Var(o) if desired. Few researchers ever compute the sampling variances of their

estimates due to the complexity and number of the traces that must be computed.
Least Squares Equations

The quadratic forms(except for TSS) and their expectations can also be obtained from
Ordinary Least Squares equations. For the example data, the OLS equations are

28 6 10 6 6 12 8 8 i 3243
6 6 000 330 51 882
10 010 0 0 4 3 3 89 1120
6 0 060 222 ss | | 503
6 0 006 303 84 | | 738
12 3 4231200 hq 1403
8 3 320 0380 hs 928
8 0 323 00 8 hs 912

The first step is to calculate the variance-covariance matrix of the right hand sides. Note
that, for herds,

—_

—_
SO N WN &= WN

O 00 OO N W W o
O OO W WO o

so that

U1 == WIZl Z'1W



272 60 96 56 60 144 64 64
60 18 21 12 9 36 24 O
96 21 34 20 21 48 24 24
56 12 20 12 12 24 16 16
60 9 21 12 18 36 0 24 |’

144 36 48 24 36 144 0 O
64 24 24 16 O 0 64 0
64 0 24 16 24 0 0 o4
and similarly for sires,
6 10 6 6
6 000
0 10 0 0
iy | 0O 06 0
WZ:=10 006 |
3 4 2 3
3 320
0 3 2 3
so that
U, = W'Z,Z,W
208 36 100 36 36 88 60 60
36 36 0 0 0 18 18 0
100 0 100 O O 40 30 30
_ 36 0 0 36 0 12 12 12
- 36 0 0 0 36 18 0 18
88 18 30 12 18 38 25 25
60 18 30 12 0 25 22 13
60 0 30 12 18 25 13 22
Then

Var(W'y) = Uj0? + Uso; + W'Woy.

The Q-matrices for W'y are diagonal matrices. For the mean sum of squares, MSS,
Q:=diag( 0 00000 0),

and for the herd and sire sum of squares,
Qs=diag(0 0000 L 1),

and

[
[y
(=)
[
[

Q.= diag( 0



The quadratic forms are

yYWQ,W'y = 375,608.8929
YWQ,W'y = 375,650.0834
yWQ,W'y = 388,036.1667

The expectations of these quadratic forms are given by

tTQ2U1 tTQQUQ tT‘QQW,W O'%

t’f'QgUl tT‘QgUQ tT’QgW,W O'g + N ,u21
tT‘Q4U1 tT‘Q4U2 tT’Q4W’W O'g

Then you need to add the total sum of squares and its expectation and proceed as before.

Problem

Apply Method 1 to the following data using a model with three random factors. Com-
pute the sampling variances of the estimates.

32
44
116
94
80
52
66
110
86
76
y=| 35|, Z
41
121
92
82
49
69
107
90
73
30

Il
—_H OO OO H OO ODOH OO OO OoOO -
S OO O OO ODODODOHHOOOoO o O
S OO OO OO OoOOHHOOOoOOoO OO
SO R OO OO OHOOODODOHOOoOOOoO OO Oo
O R O OO OHROODODOHOOOOoOHHOOoOOoOo
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0
0
1
1
0
0
0
1
0
0
1
0
1
1
0
0
0
0
0
0
1

Z3:

Y

1000
0100
1000

0 010

1 000

0001

0100

0 010

0100

0001

0 010

0001

1 000
0100

0 010

0001

1000

0001

0 010

0100
1 000

Z2:
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Henderson Method 2
L. R. Schaeffer, April 27, 1999

The main drawback of Method 1 was that only completely random models could be
handled. Methods 2 and 3 accommodate mixed models. Method 2 is an unbiased, trans-
lation invariant procedure, and can be used with mixed models provided that interactions
between fixed and random factors, or nesting of random factors within fixed factors, do
not exist in the model.

Method 2 requires the least squares (LS) equations for all factors in the model. A
solution vector is obtained by taking a generalized inverse of the coefficient matrix of the
LS equations. Because there are an infinite number of possible solution vectors to the
LS equations, Searle(1968) maintained for many years that Method 2 was not uniquely
defined. That is, different solution vectors could lead to different estimates of the variance
components. This was later proven to be incorrect, and Method 2 was proven to be unique
if Henderson’s directions are followed exactly (Henderson, Searle, and Schaeffer 1974).

The Calculations

Henderson’s Method 2 involves the following steps:

Step 1. Construct LS equations for all factors (fixed and random) in the model. Let
W= (X Z)and 8 = (b u'), then solve

WW B=W'yor3=(WW)Wy.
Step 2. Adjust y for b from the OLS equations in step 1. Let
yV=y-— Xb.

Step 3. Apply Method 1 to y° and adjust the coefficients of 62 in the expectations of all
quadratic forms to allow for the change in V(y°) from V (y).
Theoretical Development

Let
W=(XZ)=(X, X, Z, Zy)

such that the following rank requirements are met,

(X, Z,) = (X Z), and
r(Z,) = 1(Z2).
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Thus, r(X Z ) =r(X)+1(Z) — 1. This implies that the fewest possible rows and columns
of Z are set to zero in obtaining a generalized inverse of the OLS coefficient matrix. Then

X, X, XX, X,Z, X,Z,
XX, XX, X, Z, X7,
7.X, Z.X, Z.Z, Z.Z,
Z, Xy, Z,X, Z,Z, 7,7

W'W =

A generalized inverse is obtained by setting the rows and columns corresponding to X,
and Zj; to zero and inverting the remaining elements. Let

00 0 O

°o wH
coco

then

The solutions are

by 0

b, | _ | PX,y+SZ.y
4, | | SX,y+MZ,y
N 0

An unbiased estimate of the residual variance must be obtained, such as
6= (y'y = b Xy 8,2,y ) / (N —r(W)).

Each observation must now be adjusted for B, as

y' = y— Xb
= Y- XbBb - Xaf)a
= y—- Xaf)a-

Each observation does not need to be adjusted separately. Note that

! 0 - ! ! ol
for the j™ factor in the model, and that Z'jy and Z'J-Xa are available from the LS equations.
Hence, only the right hand sides of the LS equations need be adjusted.

To apply Method 1 to y° requires that the model for y° be completely random except
for a common mean effect. The proof of this is given by Henderson et al.(1974). The

model equation for y° is )
y’ =y —X.b, =Ty
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where
T=(I-X,PX,—X,SZ,).

Fortunately,
TZ = (1-X,PX,-X,SZ,)(Z, Z)
(Za Zo)—Xo (PX,—SZ,) (Za Z)
= 7Z -X,0
= Z,
TX, = 0, and
TX, = cl

So that the model for y° is

y? = Ty =TXb+TZu+ Te
cl + Zu + Te.

Proof that TXb = ¢l is also given in Henderson et al.(1974), and this is the key to
showing that Method 2 gives unique estimates of variance components regardless of the
generalized inverse used to solve the OLS equations.

Consequently,
Var(y’) = Var(Zu+ Te)
= Y ZZ o} +TTo}
i=1
The variance-covariance matrix of y° is slightly different from that of the original ob-

servation vector y. This difference causes changes to the expectations of the Method 1
quadratic forms where o} is involved.

The coefficient of 0 in the expectation of (1/N)y%11'y?® is
(1/N) tr(11'TT) = (1/N) tr(1'TT'1)
= (1/N) tr(1'1+ (1/N) tr(1'X,PX,1)
= 1+ (1/N) tr[P(X,1)(1'X,)]
Thus, we have the usual coefficient plus an additional term. Similarly, the coefficient of o7

in the expectation of y*Z;(Z;Z;) ™' Z,y° where Z; is the design matrix of the j* random
factor of the model, is

trZ;(2,;Z;)"'Z,TT'] tr((Z;Z;)"' 2, TT'Z;]

= tr((2;2;)"1(2;Z; + Z;X,PX,Z;)]
tr((2,2;) " Z,Z;) + tr[P X,Z;(Z;Z;) " Z;X,]
= ¢ +tr[P X,Z;(Z;Z;)7'Z,;X,]
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The coefficients of the other variance components in the expectations are the same as in
the usual Method 1.

An Example

Below are the LS equations for a two-way classification model with one fixed factor
and one random factor. Let factor A be the fixed factor and let factor B be random. The
total sum of squares of the observations was 1,979.

164 6 6|3 4 5 4\ ([ 173
4140 0[1 120 A 49
6/0 6 01 11 3 A, 66
6/0 0 6|1 2 21 Ay | | 58
3/1 1 1[3 000 B, | | 32
4111 2(0 4 0 0 B, 51
52 1 21005 0 B, 51
410 3 1/0 0 0 4 B, 39

Using the partitioning given in the previous section, then let

>

;) = [ f Al ]’
B:z = [ AQ A:’) ]a
A;, = does not exist in this example,
ﬁ; = [Bl BQ Bg B4]

and similarly for the design matrices X and Z. The solutions are

f 0. B, 11.8253
Al | o a | B2 || 142980
Ay | T —os9r |0 M| By | T | 114384
As —2.7161 B, 10.9988

The solutions times their corresponding right hand side elements gives
BW'y =1,912.2422,
and an estimate of the residual variance component is

52 = (y'y — BW'y)/(N — r(W))
— (1,979 — 1,912.2422) / (16 — 6)
— 6.675782.

This estimate of 67 is the same for any generalized inverse of W/'W.
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Now adjust W'y for the estimates of the fixed effects to give

W' = W'y — W'Xb
173 1
49
66
58
32
51
51
39

193.8547
49.0000
70.5579
74.2968
35.4758
57.1919
57.1919
43.9951

—0.7597
—2.7161

O == OO R

W= == O o0 O

— NN OO OO
)

O WO O =D

The necessary quadratic forms are

62 = 6.675782,
(1/N)y"11'y® = (1/16)(193.8547)% = 2, 348.7276,
v Zp(ZpZs) 2y’ = (35.4758)%/3 + (57.1919)%/4
+(57.1919)%/5 + (43.9951)% /4 = 2, 375.3139,

where Zp is the design matrix for factor B. The expectations of the next two quadratic
forms are

E[(1/N)y"11'y°] = 16 ¢ + 4125 0% + (1+ k) o2
ElyYZ5(Z3Z5) ' Zy°] = 16 ¢ + 16 04 + (44 ky) o?

where

k, = (1/N) tr(P X,11'X,), and
ky = tr(P X,Zp(ZyZ5) ' ZX,)

In this example,

p _ (532189 291845
=\ 201845 436542 )

and X,1 = (6 6). Therefore,

16



1 6
ki = Etr<P<6>(6 6)>—3.49295, and
3000\ /11
B 1113Yl0400 1 2
ky = tr P(1221>0050 1 2
000 4 31

= 3.81239.

The resulting equations to solve are

0 0.0000 1.0000 é? 6.6758
16 4.1250 4.4929 o = | 2,348.7276
16 16.0000 7.8124 o4 2,375.3139

, (1 00
K‘<0—11>’

then K'F& = K'w, which gives
0.0000 1.0000 62 _ 6.6758
11.8750 3.3194 65 )\ 26.5863 )’

giving estimates of 62 = 6.6758, and 6% = .37275.

Let

Suppose that i and As were set to zero rather than i1 and Ay in obtaining solutions to
the OLS equations. The reader should verify the following results.

p < 43654 .14470 )

14470 38504
b = (0. 27161 1.9565 0. )
(1/N)y"11'y° 1,413.6978,
v Zp(Z 3 Z5) 2 y° 1,440.2840,
ky 1.73697 and k, = 2.05641, and
62 = 6.6758, 63 = .37275.

I

Problems

1. Below are the OLS equations for a 2-way model with factors A(4 levels) and B(5
levels). Consider factor A as fixed and factor B as random. The total sum of squares
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of the observations was 43,000. Estimate the variance components by Method 2.

202 46 34 80 42 26 22 46 54 54 K 2796
46 46 0 0 0 7 3 4 14 18 A 714
3 034 0 0 3 5 14 8 4 Ay 505
80 0 0 8 0 10 8 18 22 22 As 1067
42 0 0 0 42 6 6 10 10 10 Ay | | 510
26 7 310 626 0 0 0 0 B | 7| 398
2 3 5 8 6 02 0 0 0 B, 334
46 4 14 18 10 0 0 46 0 0 B, 553
54 14 8 22 10 0 0 0 54 0 B, 739
54 18 4 22 10 0 0 0 0 54 - 772

2. Prove that TXb = c1. (Not Easy)

3. Method 2 has often been done incorrectly in the literature from 1953 to 1970. The
researchers would estimate the fixed effects as

b’ = (X'X) X'y,

and used this estimate to adjust the observation vector, y. Derive the correct
expectations of (1/N)y®11'y® and y* Z,(Z}Z,)~'Z,y* where

y* =y - Xb’

and s = 1.
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Henderson Method 3
L. R. Schaeffer, April 27, 1999

Method 2 does not allow models to contain interactions between fixed and random
factors or nesting of random factors within fixed factors. Henderson’s Method 3 is capable
of handling general mixed models, but computationally the method is more demanding
than Methods 1 or 2. Method 3 has been called ’the fitting constants’ method because
reductions in sums of squares due to fitting submodels of the full model are used. The
method is unbiased and translation invariant, but is not uniquely defined in the sense that
more reductions can be computed than are necessary to estimate the variance components.

Method 3 has been shown in some cases to provide more accurate estimates of variance
components than Methods 1 or 2. In special design and model situations, Method 3 is
equivalent to Methods 1 or 2. The reason that Method 3 gives greater accuracy seems
to be due to fitting submodels such that two or more random factors are simultaneously
considered rather than singly as would be the case in Methods 1 or 2.

The Calculations

For a general model with s random factors there are 2° possible submodels and re-
ductions that could be computed, but only s + 2 reductions are needed to estimate the
unknown variances. Specific guidelines for choosing the best (most accurate) set of s + 2
reductions out of 2° reductions are not available. The following rules are recommended
to uniquely define Method 3 in all situations and to hopefully provide the most accurate
set of reductions. The necessary quadratic forms are a) y'y, the total sum of squares, b)
the reduction due to the full model, where the least squares equations are

W'W 8 =Wy,
then

R(b, uy, ... ,uy) =R(B) = ,@IW'y, and
&5 = (¥y'y — R(B))/(N — (W),

as in Method 2, and c) reductions due to omitting one random factor at a time from the
model. Let

/8]: (b, up, ... ,Uj_l, 11j.|_1, ;us)

with u; omitted from the model and let W; be the corresponding design matrix with Z;
omitted. Then the reduction due to this submodel is

R(:Bj) = ,B;W;y

There are s such reductions with one random factor omitted at a time.
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To illustrate, assume a model with three random factors A, B, and C, then the following
reductions should be used. Notice that each reduction contains all of the fixed factors in
the model.

Yy,

R(b, A, B, C),
R(b, A, B),
R(b, 4, O),
R(b, B, C).

Note that when interactions are in the model then

R(b, A, AB) = R(b, B, AB)
= R(b, A, B, AB)
= R(b, AB),

and therefore some slight differences in choice of reductions is necessary when interactions
are present in the model.

Suppose that in a two random factor model, factor D is a fixed factor, but that there
is an interaction between D and random factor A, but not with random factor B. Then
use

!

Yy,

R(b, A, B, AD),
R(b, A, B),
R(b, A, AD),
R(b, B).

In this case
R(b,B,AD) =R(b, A, B, AD)

and

R(b, A, AD) = R(b, AD).
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Expectations of Reductions

Let
C; = (W;W;)", then
Bj = CjW;-y, and
Al
R(:Bj) = ,BjW;'Y
= y'W,C;W.y.

The expectation is then

E[R(B,)] = b'X'W,C;W.Xb + > tr(W,;C;W,V;)o7}.

i=o0

From the theory of generalized inverses,
W,C,W.W; =W,

and consequently,
b'X'W;C,;W;Xb = b'X'Xb
and

tr(W,C;W;Z,Z;) = tr(Z;Z;) provided that Z; was included in W/,

tr(W,C;W,Z;Z;) = tr[C;(W;Z;)(Z;W;)] if Z; was not in W;.

Also, the coefficient of 03 is
tr(W,;C;W;) = tr(C,W; W),

but we know that CjW;-Wj is idempotent and the trace of an idempotent matrix is equal
to the rank of the matrix, so that tr(CjW;-Wj) =r(W,). Therefore,

E[R(B,)] = b'X'Xb + r(W;)oj + i tr[Cj(W;-Zi)(Z;Wj)]af.

i=1

An Example

Consider a three factor model with factors A, B, and C where A is a fixed factor and
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B and C are random factors, and the LS equations are as given below:

71040 31]28 21 22|16 14 13 16 12\ (£ 294
4040 018 10 12]13 0 9 14 4 A, 195
31/ 0 31/10 11 10| 3 14 4 2 8 ||_42 99
2818 10(28 0 0 6 6 4 8 4 By 90
20110 11| 0 21 0| 3 4 4 6 4 B, 89
22|12 10/ 0 0 22| 7 4 5 2 4 By | =] 115
16[13 3[ 6 3 7|16 0 0 0 0 [ 67
14| 0 14[ 6 4 4/ 014 0 0 0 Cy 36
13/ 9 4[4 4 5,0 013 0 0 Cs 62
1614 2( 8 6 2/ 0 0 0 16 0 o 73
12| 4 8/ 4 4 4,0 0 0 0 12 O 56

The reductions and their expectations are

Yy = 2,834,
E(y'y) = bX'Xb+ N o4+ N o2+ N o

R(b, B, C) = 1,345.119648,
ER(b, B, C)] = b'X'Xb+ N o3+ N o4, +1(X Zp Z¢) o,
R(b, B) = 1,327.550930,
E[R(b, B)] b'X'Xb + N 0% + tr(Co(WeZe)(ZeyWe))ok

+1(X Zp) oF,

R(b, C) = 1,286.908325,
E[R(b, C)] = bWX'Xb+tr(Cp(WpZp)(ZzWg))os, +N o2

+1(X Z¢) op.

Summarizing the above,

vy 1 71. 71. 71. b’X'Xb
> R(b, B, C) _| 1 7. 71. 8. 0%
R(b, B) 1 71 22.0095 4. o2,
R(b, C) 1 26.3804 7L 6. o?
Taking differences from y'y eliminates the b’X'Xb term from all quadratic forms and
gives
0. 0. 63. % 1,488.880352
0. 48.9905 67. 52 | = 1,506.449070 |,
44.6196 0. 65. or 1,547.091675

and the solutions are 6% = 0.245302, 6% = —1.570986, and 67 = 23.633021. Notice the
zeros in the above expectation matrix as a result of taking differences from y'y. This
helps to reduce the sampling variances of the estimated variance components over other
possible sets of reductions that could be used in Method 3.

Problems
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1. Below are feed consumption data on progeny of 3 sires and 10 dams over a ten
day period after weaning. Age at weaning is known to influence feed consumption
during this period.

Table of feed consumption data.

Sire Dam Sex Age at  Feed Intake
Weaning(d) (mouthfuls)

1 1 1 185 775
1 1 1 185 690
1 2 2 190 618
1 2 1 190 631
1 3 2 200 615
1 3 1 200 704
1 4 2 210 573
2 ) 1 215 662
2 5 1 215 600
2 6 1 170 526
2 6 2 170 485
2 6 2 170 581
2 7 2 175 494
3 8 1 206 660
3 8 2 206 511
3 9 2 180 500
3 9 1 180 450
3 10 2 194 470
3 10 1 194 505
3 10 1 194 516
3 10 2 194 448

Assume the model is
Yijer = 0 + b(Age) + Xi + S; + Djk + eiju

where y;; is feed intake, p is an overall mean, b(Age) is a covariate of feed intake
on age at weaning, X; is a sex of offspring effect (fixed), S; is a random sire effect,
Djyj, is a random dam effect, and e;jy; is a random residual effect.

Estimate the variance components by Henderson’s Method 3. You might want to
take deviations of age at weaning from the overall average weaning age of 200-d, to
avoid rounding errors.

2. Suppose we have data to be analyzed by the following model
Yijkim = + A; + Bij + Cp + Dy + €ijkim,
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where the fixed factors of the model are ;4 and A;. Write all of the possible reductions
for Method 3 that could be used with this model, and mark those that you would
use to estimate the variances.
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Other Simple Unbiased Methods
L. R. Schaeffer, April 27, 1999

Absorption of Fixed Effects

The absorption of all fixed effects in the LS equations into the equations for the ran-
dom factors essentially adjusts the right hand sides of the random effects for the fixed
effects, and consequently any quadratic forms involving the absorbed right hand sides are
translation invariant. Numerous methods may therefore be defined by using quadratic
forms of the absorbed right hand sides. The LS equations are

X'X X'Z b\ [ Xy
ZX 77 )\a) \Zy )

Let
M=1I-XXX)"X,
and partition Z into [ Z; Z, ... Zs ], then the absorbed random effects equations are
Z,MZ, ZMZ, ... Z,MZ, il Z, My
Z,MZ, Z,MZ, ... Z,MZ, il Z,My
ZMZ, ZMZ, ... ZMZ, il Z My

To illustrate various methods, suppose we have the following LS equations for a model
with two random factors (C and D) and two fixed factors (A and B).

200 150 50 75 125|120 35 50 65 30 65 70 35 30 H 21125
150 150 0 50 100 |15 25 30 55 25 55 60 15 20 41 16200
50 0 50 25 25| 5 10 20 10 5 10 10 20 10 {12 4925
7 50 25 75 010 15 15 20 15 20 20 25 10 Bil 7850
125 100 25 O 125|110 20 35 45 15 45 50 10 20 jﬁ_ 13275
20 15 5 10 10{20 0 0 0O 0 5 6 4 5 Ch 2505
35 25 10 15 20 0 35 0 O O 9 12 6 8 Cy _ 3960
50 30 20 15 35| 0 0 &0 O 0 16 21 8 5 Cs | 5710
65 55 10 20 45| 0 O O 65 0 25 27 7 6 o 6620
30 25 5 15 150 0 0 0 0 30 10 4 10 6 Cs 2230
65 55 10 20 45| 5 9 16 256 10 656 O O O Dy 9040
70 60 10 20 50| 6 12 21 27 4 O 70 0 O Dy 8135
3 15 20 25 10| 4 6 8 7 10 0 O 3 O Ds 2405
30 20 10 10 20 5 8 5 6 6 0 0 0 30 D, 1545
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Absorbing the fixed effects (u A; As By Bs) gives (each element is multiplied by 11)

196.5 —39.5 —520 —69.5 —355 —145 —80 —05  23.0 Gi
—39.5 316,56 —97.0 —121.5 —585 —225 20 —95 300 Cy
—52.0 —97.0 390.0 —169.0 —72.0 70 490 —21.0 —35.0 Cs
—69.5 —121.5 —169.0 468.5 —108.5 285  29.0 —19.5 —38.0 Cy
—35.5 —585 —T72.0 —108.5  274.5 1.5 —72.0 505  20.0 Cs
—145 —22.5 70 285 1.5 4685 —268.0 —96.5 —104.0 Dy
-8.0 20 490 290 -72.0 —268.0 478.0 —98.0 —112.0 Do
-05 —95 —21.0 —195 505 —96.5 —98.0 2565 —62.0 Ds

23.0 30.0 —-35.0 —38.0 20.0 —-104.0 —112.0 —62.0 278.0 Dy

4325
3030
5485
—3365
= | —10575
23255
7355
—13005
—17605

Quadratic Forms Of Absorbed RHS
Let

r; = Z:My,
then E(r;) = Z;ME(y)
Z/ MXb,
butMX 0,
soE(r;) = 0,for j =1tos.

I

The variance-covariance matrix of Z'My is

Var(ZMy) = Y. Z'MV,MZ o?
=0
= S (ZMZ)(ZMZ) 6} + ZMZ op.

i
=1

Letr'=[r, r, ... r, ], then a quadratic form of r has expectation

E(r'Qr) = itr[Q(Z’MZi)(Z;MZ)] o2 + tr|QZ'MZ] o2.

i
i=1
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These expectations are easy to calculate when Q is a diagonal matrix, in which case only
the diagonals of Z'MZ and (Z'MZ;)(Z;MZ) are needed, and these are multiplied times
the diagonal elements of Q. Below are the diagonal elements of the matrices needed to
compute the expectations of quadratic forms of the absorbed right hand sides for the
example data.

Element of Model (ZMZ¢)(Z-MZ) (ZMZp)(Z,MZ) Z'MZ

¢y 404.685950 6.640496 17.863636
Cy 1,068.809917 12.400826  28.772727
Cs 1,636.016529 34.016529  35.454545
Cy 2,309.239669 28.739669 42.590909
Cs 801.561984 67.243802 24.954545
D, 13.057851 2,573.921488 42.590909
D, 70.198347 2,664.925620 43.454545
Ds 28.611570 731.838843 23.318182
Dy 37.173554 863.537190 25.272727

MIVQUE-0

The most simple set of quadratic forms of r that could be used are r'Q;r and r'Q,r

Q, = diag(111110000),
and Q, = diag(000001111),

where diag indicates a diagonal matrix whose diagonals are the elements within the
parentheses.

Assume that y'My = 668,160.62 for this example with r(IM) = 200 - 3 = 197, degress of
freedom, then

rQir = (1/121) [ 4325% + 3030% + 5485 + 3365 + 105757 |
= 1,496,905.8, and
E(r'Qir) = (404.7+ 1068.8 + 1636.0 + 2309.2 + 801.6 )og
+( 6.64 + 12.40 + 34.02 + 28.74 + 67.24 o,
+( 17.86 + 28.77 + 35.45 + 42.59 + 24.95 )02
= 6220.314 0% + 149.041 o7, + 149.636 o,
r'Qor = (1/121) [ 23255% + 7355° + 13005% + 17605 |
= 8,875,678.512, and
E(r'Qer) = (13.06+ 70.20 + 28.61 + 37.17 oz + ( 2573.9
+2664.9 + 731.8 + 863.5 )o% + (42.59 + 23.32
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+43.45 + 25.27) o
= 149.041 o2 + 6834.223 0% + 134.636 o5, and
E(y'My) = tr(ZoMZe) 0% + tr(Z,MZp) o2 + (M) o2
= 149.636 07 + 134.636 o7, + 197 op,

The resulting equations are

6220.314 149.041 149.636 o2 1,496,905.8
149.041 6834.223 134.636 % | = 8,875,678.5
149.636 134.636 197. o8 668, 160.62

which gives 6% = 152.46, 6% = 1247.65, and 6% = 2423.19.

The above procedure is known as MIVQUE-0. MIVQUE-0 stands for Minimum Vari-
ance Quadratic Unbiased Estimation using zeros for prior values of the variance compo-
nents except og. Calling this procedure MIVQUE is very misleading because the estimates
from MIVQUE-0 have been shown to have very large sampling variances. However, be-
cause the method is very easy to apply, MIVQUE-0 estimates are frequently used as
starting values for other methods of estimation. The estimates from MIVQUE-0 are
unbiased and translation invariant, but are not minimum variance.

Quadratics Using Diagonals Of LS Equations

Many methods could be described by simply changing the definition of Q. For example,
define QQ as a diagonal matrix with corresponding elements equal to the diagonals of
(Z'J-Z]-)*1 and the rest to zero. For the example data, let

Qs = diag( .05.028571 .02 .015385 .033333 0000 )

and
Q, = diag( 00000 .015385 .014286 .028571 .033333 )
then
rQsr = (1/121)[ (.05)4325% + (.028571)3030% + (.02)5485
+ (.015385)3365 + (.033333)10575” |
= 47,116.953,
and

r'Qur = (1/121)[ (.015385)232552 + (.014286)73552
+ (.028571)13005% + (.033333)17605 ]
= 200,464.95.

The expectations are

E(r'Qsr) = [(.05)404.69 + (.028571)1068.81 + (.02)1636.02
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+(.0153585)2309.24 + (.033333)801.56 |02
+1 (.05)6.64 + (.028571)12.40 + (.02)34.02
+(.015385)28.74 + (.033333)67.24 |o%,
+[ (.05)17.86 + (.028571)28.77 + (.02)35.45
+(.015385)42.59 + (.033333)24.95 |02

= 145.738 02 + 4.0500% + 3.911 o}

and
E(r'Qr) = [(.015385)13.06 + (.014286)70.20

+(.028571)28.61 + (.033333)37.17 o2
+[ (.015385)2573.92 + (.014286)2664.93
+(.028571)731.84 + (.033333)863.54 |o%,
+[ (.015385)42.59 + (.014286)43.45
+(.028571)23.32 + (.033333)25.27 Joa

= 3.260 02 + 127.363 02 + 2.785 o

The resulting estimates using the above quadratics with y'My are

6 =191.38, 67 = 1495.44, and &, = 3366.74.

Henderson’s Method 4

In 1980 Henderson presented a particular set of Q matrices for the preceding methodol-
ogy, which was formally described in his book (1984). This method has been given various
names such as Henderson’s New Method, Diagonal MIVQUE, and Henderson’s Method
4. Dempfle et al. (1983) showed that the sampling variances of Method 4 estimates were
similar to and sometimes better than those of Method 3 estimates.

Method 4 uses a specific set of quadratic forms. The motivation for these particular
forms is that they more closely approximate the quadratic forms used with MIVQUE
(which will be discussed later). The specific quadratic forms are, for the example data:

Qs = diagonals of (Z'CMZC + Ikc) 2, plus zeros for the rows corresponding to other
random factors, where ko = a guess of the value of o7 /0%, and

Qs = diagonals of (Z,MZp + Ikp) 2, plus zeros for the rows corresponding to other
random factors, where kp = a guess of the value of 03 /0%.

Assume that k- = 16 and that kp = 2, then

Qs = (10’4)[8.720 4.989 3.777 2.913 59620 0 0 0],
and

Qs = (1040 0 0 0 0 5.029 4.84 15.6 13.444].
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Completing the calculations,

r'Qsr = 844.85
and r'Qgr = 8088.17
E(r'Qsr) = 2.6546 o7 + .0733 o, + .0706 05, and
E(r'Qer) = .1352 0% + 4.8869 o}, + .1128 op.

The estimates, using y'My and the above quadratics, are
65 =184.68, &7 = 1571.71, and &; = 3390.71.

In all of the methods in this section, y'My can be replaced by any unbiased estimate of
2
0-0-

Problem

Below are parts of the OLS equations for a model with five factors. The first three
factors are fixed and the last two factors are random (each with 6 levels). The total sum
of squares was 3, 143, 224 based on 41 observations.

11 0 0 8 311 3 4 2
014 0 6 832225
0 016 7 955321
8 6 721 0436 4 4
, 3 8 9 02 55 2 4 4
XX=1 1 3 5 4 590000]|
1 2 5 3 508000
3 2 3 6 200800
4 2 2 4 4000 80
2 5 1 4 40000 8
442010450110
122333016520
213433210157
736230644340
, 0415460372447
XZ=147 903129211031 3]
200204201122
410300221012
051020123110
013130021230

Z7'7. = diag(777776),
ZyZ, = diag(676787),
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420010
123010
'y 0203 20
2,2, = 00202 3|’
111112
000312
and the right hand sides are
3338
3365
4091
5855
| 4939
Xy =1 o1 |
2087
2295
2195
1776
2541 2201
1954 2146
.| 17s .| 1674
Ziy=| 1511 |» ad Zoy = 1469
1688 1624
1325 1480

Estimate the variances using MIVQUE-0, Henderson’s Method 4, and another set of
quadratic forms of your own choice.
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MIVQUE
L. R. Schaeffer, April 27, 1999

During the late 1960’s, statisticians began to develop methods of variance component
estimation that had more desirable properties than simply unbiasedness and translation
invariance. Two researchers, working independently, derived minimum variance quadratic
unbiased estimators (MIVQUE) in 1970. C.R. Rao published four papers in his newly
formed journal on MIVQUE for y being normally distributed. Rao also derived a method
called MINQUE (minimum norm quadratic unbiased estimation) for cases when y does
not have a normal distribution, but when y is normally distributed then minimizing the
Euclidean norm, as Rao does, is equivalent to minimizing the variance of the quadratic
form which gives MIVQUE. In order to minimize the variance of quadratic forms, the
true unknown variances must be known.

At the same time, L.R. LaMotte, at the University of Kentucky, also derived MIVQUE
in bulletins which were not formally published in a statistical journal. Henderson(1973)
took the MIVQUE method and derived easier computing formulas based upon solutions
to the mixed model equations (MME) and upon the elements of the generalized inverse
of the coefficient matrix of the MME.

MIVQUE assumes that V, the variance-covariance matrix of y, is known. The variances
of the quadratic forms are minimized for this V. Since V is not known in reality, some
prior information about V is utilized, and consequently the variance of quadratic forms is
only minimized for this prior V. MIVQUE is unbiased and translation invariant and if the
prior V is the same as the true V, then it also has minimum variance. Thus, MIVQUE
in general, is not minimum variance in practice, but is only as good as the prior values
that are used.

Quadratic Forms

Assume that y has a multivariate normal distribution with mean vector Xb, and
variance-covariance matrix V. Let 6; be the prior information about ¢? for 7 = 0 to s,
then let H be our prior V which is

H= Z ZjZ;Hj + 16,.
j=1
A projection matrix is constructed as
P=H"'-H'XXH'X)"X'H™

A projection matrix is simply a way of absorbing the fixed effects and at the same time
accounting for information about V. Note that PX = 0 and that PH is idempotent.
The MIVQUE quadratic forms are then

y'PZ,Z!Py for i = 1 to s and y'PPy.
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Note that these are quadratic forms of Py and since E(Py) = 0, then the quadratic forms
are translation invariant. Also,

Zy'PZiZ;Py 0, +y' PPy 0, = y'PHPy

i=1
= y'Py.

To simplify these quadratic forms notice that

I

Py (H'-H'X(XH'X)"X'H )y
= H'(y - XXH 'X) X'H'y)
= H !(y — Xb) and
b = (XH'X)"X'H'y.
Therefore, X .
y'PZ,Z;Py = (y — Xb)H 'Z,Z/H ' (y — Xb).
Henderson (1973) noticed that

where G; is the assumed variance covariance matrix of u; (in this case G; =1 6;), and 4,
is BLUP of u; and the solution of 1; from the MME, then

v'PZ,Z'Py = yPZ[G,G 'G;'G,]Z Py
= (y'PZG,)G*(G;ZPy)
= @G 24,
a1, /0? when G; =16,

Similarly, Henderson showed that
y'PPy = (y'y — B'X'y — Zﬁ;Z;y — Zﬁ;ﬁiai)/ﬁo
i=1 i=1
where oy = 00/01

Thus, under the basic linear model for variance component estimation the necessary
quadratic forms for MIVQUE are

S
wu; and y'y — b'X'y — > ujZy.
i=1

Expectations
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The MME are

X'X X'Zy X'Z,y .. X'Zyg
Z\X Z\7Z, + 1oy Z\Z, . ZVZ
Z)X Z,Z, ZZy + 1oy ... ZLZ,
Z'X Z'Z, Z'Z, coo ZLZg + 1oy
b X'y
u; Z\y
W | =| Zy ,
u, Zy
and let a generalized inverse of the coefficient matrix be represented as
C:w Cwl Ccc2 fee Cavs C:v
Ciz Cui Ciz ... Gy C
C=| G Co Cpp ... Cy | =| C;
Csw Csl CsQ s Css Cs

Now let r = W'y, the right hand sides of the MME, then
Var(r) = W'Var(y)W
= Y WZ,Z\W o} + W'W o

i=1
S
— A2
= Z Ujoj.
Jj=0
Also,
ﬁz‘ = C),L'I'7
and,

uu; = r'C.C;r.
The expectation of 41, is
S
=0

This expectation can be simplified by noting that (for X having full rank)

Iz _Czcla/l _C;c2a2 s _C;csas

0 I- 011041 —012042 e —Clsas
CWW=| 0 —-Cyua I-Cpa ... —Cyua,

0 —Cslal —C52a2 o I— Cssas
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then, for example, for 7 not equal to 7,
tr(C;CiU;) = tr(CiC;W'Z;Z;W)
= tr[ (Z;WC))(C;W'Z;) |
= tr[ (=Cj;a;)(=Cijay) |
= tr(CjiCij)ajz
The expected value of 0ju; can be written as

E(ﬁ;ﬁi) = (¢ —2trCya; + trC2 2) 2

’L’L’L

+Zt7‘ (C};Cija;
J#i

+(trCy — tr(]?iozZ ZtrC Cijo; )
J#

In the same way,

E(y'y)=bXXb+ N > 0]2

j=0
and

y+Z WZly = r'Cr.
Then .

E(r'Cr) = b’X'WCW'Xb + > trCUj07,
i=0

but

X'WCW'X =X'X
so that

E(y'y —r'Cr) = Y (N —trCUj)o;

j=0
= Z(QJ’% trCjja;)
j=1
=+ (N —_ T(X) —_ Z(QZ —_ tTCuCEz)) O'g.

=1

MIVQUE requires the inverse elements of the MME in order to calculate the expecta-
tions of the quadratic forms. In most animal breeding applications, obtaining an inverse
of the coefficient matrix could be impossible due to the large order of the equations.

Example
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Assume a model with one fixed factor and one random factor. The least squares
equations are given below, and y'y = 770.

12 0 4 35 Ay 63
0806 2 A, 52
40400 D, | =] 28
360090 D, 57
52007 D, 30

Let factor D be random and assume that ap = 6y/0p = 2, then to form the MME add
2 to the diagonals of the equations for factor D. The variance-covariance matrix of the

right hand sides is
V(I‘) = U()O'g + UDO'ZD

where Uy = W'W | the LS equations, and Up = W'ZpZ, W | that is

HHY

50 28 16 27 35
28 40 0 54 14
= 16 016 0 O
27 54 0 8 0
35 14 0 0 49

4040
Up = 4 36 09
52 00

S O OO W
N O O N O

With ap = 2 then

25158 16139 —.16772 —.15665 —.17563

16139 33703 —.10759 —.22785 —.16456

C = —-.16772 —.10759  .27848  .10443  .11709
—.15665 —.22785  .10443  .25791  .13766

—.17563 —.16456  .11709  .13766  .24525

and the solutions to the mixed model equations are

Ay 5.3481
A, 6.7563
Cr=| D, |= 1.1013
D, .0380
D, —1.1392

The quadratic forms are



= (1.1013)2 + (.0380)% + (—1.1392)?
= 25121

= I'ICIDCDI'

where

Cp = —.15665 —.22785 .10443 .25791 .13766
—.17563 —.16456 .11709 .13766 .24525

08352  .08264 —.08363 —.08209 —.08428
08264  .09057 —.07303 —.09265 —.08432
C,Cp = —.08363 —.07303  .10217  .07213  .07570
—.08209 —.09265 .07213  .09637  .08149
—.08428 —.08432  .07570  .08149  .09281

—.16772 —.10759 .27848 .10443 .11709)

The other quadratic form is

b'X'y +1,Z))y = 687.0823
= 5.3481(63) + 6.7563(52) + 1.1013(28)
+.0380(57) — 1.1392(30)

= r'Cr.

Thus,
y'y —r'Cr = 770 — 687.0823 = 82.9177.
The expectations of these quadratic forms are as follows:
E(r'C,Cpr) = FE(uyup)
= tr(C,CpUp)a}, + tr(C,CpUy)a;
= 1.038816 o7, + .198946 of

also note that

tT(CIDCDUD) = (qD -2 tI'CDDOéD —+ trC2DDa2D)
= 3 — 2(.78164)(2) + (.29135)(4)

= 1.038816
and
tr(C',CpUy) = (trCpp — trC%pap)
= (.78164) — (.29135)(2) = .198946.
Similarly,

E(y'y —1'Cr) = (N —trCUp) o}, + (N —trCUy) og
= 2.873418 0}, + 16.563291 o
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where
N —trCUp = gqpap — trCDDaQD
= 3(2) — (.78164)(4)
= 2.873418,
and
N —-trCU, = N —r(X)—(gp —trCppap)
= 20 — 2— (3—.78164(2))
= 16.563291.

Equate the quadratic forms to their expectations and solve for the estimates of variance

components.
62\ ([ 1.038816  .198946 \ [ 2.5121
62 | T \ 2.873418 16.563291 82.9177

[ 1.509653
— \ 4744218 )
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Problem

Below are the OLS equations for some data for a model with two random factors (B
and C) and one fixed factor (A). The total number of observations was 200, and the total
sum of squares was 1,000,000. Assume that the prior variance ratios were

ag =9, and ac = 5.

Apply MIVQUE and one of the previous methods to this example data.

25 0 0 510 10 0 10 0 3 12 0 A 875
0 100 0 8 5 0 15 23 17 7 40 13 Ay 3000
0 0 7 15 35 20 5 47 3 0 8 17 A3 1125
5 8 15 100 0 0 0 49 9 3 18 21 By 2000
10 53 050 0 02 0 424 0 By 1500
10 020 0 03 0 9 7 0 5 9 By | | 1200
0 15 5 0 0 02 0 4 3 13 0 By | | 300
10 23 47 49 22 9 08 0 0 0 O éy 2200
0 17 3 9 0 7 4 020 0 0 0 o) 800
3 7 0 3 4 0 3 0 010 0 0 Cs 50
12 40 8 18 24 5 13 0 0 0 60 O o 1600
0 13 17 21 0 9 0 0 O 0 0 30 05 350
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REML
L. R. Schaeffer, April 28, 1999

Restricted maximum likelihood (REML), was first suggested by Thompson (1962), but
was described formally by Patterson and Thompson (1971).

1. y must have a multivariate normal distribution.

2. The method is translation invariant.

3. The estimator is restricted to the allowable parameter space.
4. REML is a biased procedure.

5. The exact same quadratic forms as MIVQUE are utilized.

There are several methods of obtaining REML estimators. One method is to take the
MIVQUE quadratic forms and derive new expectations assuming that the prior values are
equal to the true parameter values. REML estimates can also be obtained by iterating on
the MIVQUE quadratic forms and their expectations. The MIVQUE estimates are used
to form new prior values of the variance ratios and apply MIVQUE over and over until
the estimates and prior values are equal. The final estimates are REML if the variance
estimates remain positive. If any of the estimates become negative, then the iteration
process must be stopped and REML estimates can not be obtained in that manner.

Derivation of REML from MIVQUE

From MIVQUE, the expectation of quadratic forms of solutions to mixed model equa-
tions were as follows:

E(ﬁ;ﬁl) = (qZ -2 trCiiOzZ + tTCQ 2)

A Z
S
+ ZtrC;jCijoz? 0'J2-
J#i
+ (trCy; — ZtrC C;ja)0

where «; = 6,/6; and 6, and 6; are assumed prior values of o2 and o?. To derive REML
assume that o; = 02/0? and substitute into the above expectation to obtain

E(fl;flz) = in',L-z — tT’CZ'Z'O'g,
which gives

0'~2 = (ﬁ;ﬁz + trCu&z)/qZ

2

Notice that @)1, is a sum of squares and therefore always positive, and that ¢rC;; is
always positive because the diagonals of C;; represent the variances of prediction error
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(i.e. Var(d; —u;)). Hence the estimator, 67 is always positive, i.e. within the parameter
space.

Likewise,

E(y'y — bX'y — Y Zly) = (N —r(X))o?
=1

under the assumption that a; = 02/0?. Then

62 = (yy — bX'y — S @Zjy)/(N - r(X)).
=1

The above pseudo expectations give formulas for 67 and 62 that are known as the EM

algorithm. EM stands for Expectation Maximization, a procedure described by Dempster
et al. (1977). REML estimates are obtained by using 62 and &7 to form new ratios, d;,
then the new ratios are used as priors to calculate a new 1;, until the ratio used as a prior

and the estimated ratio are equal. With the REML EM algorithm,

1. The user must iterate until convergence.
2. Convergence is not guaranteed.

3. The final estimate may not maximize the likelihood function over the entire range
of parameter values. This would be convergence to a local maximum rather than a
global maximum.

4. Convergence will normally occur if the number of observations is large.
5. With few observations and several random factors there may be problems in reaching
convergence.
An Example

Below are the mixed model equations for an example with three factors, two of which
are random.

50 0 5 15 30 5 10 20 15 F 3200
0 40 5 15 20 5 10 20 5 F 2380
5 510 0 0 2 3 4 1 Ay 280

1515 030 0 5 7 11 7 A,y 1860

30 20 0 0 50 3 10 25 12 As | = | 3140
5 5 2 5 310 0 0 O By 700

10 10 3 7 10 0 20 0 O By 1320

20 20 4 11 25 0 0 40 O B3 2400

15 5 1 7 12 0 0 0 20 By 1160
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The total sum of squares is y'y = 356, 000.

To demonstrate EM REML, let a4 = 10 and ag = 5 be the starting values of the
ratios for factors A and B, respectively. The solution vector is

F 64.6313
Fy 09.4225
Ay —2.1363
As 4955
As | = 1.6368
B, 5.1064
By 2.6402
B3 —2.6433
By —5.1034

Then )
y'(Xb + Za) = 347,871.2661

and from the inverse of the coefficient matrix,
trCya = .16493, and trCpgp = .3309886
which give rise to the following estimates,

67 = (356,000 — 347,871.2661)/88
= 92.371976,

64 = (7.4925463 + .16493(92.371976))/3
= 7.575855,

6% = (66.0771576 + .3309886(92.371976))/4
= 24.16280774.

New ratios are formed as

ay = 92.371976/7.575855 = 12.192944,

and
ap = 92.371976/24.16280774 = 3.822899

and these are used to form the mixed model equations again, new solutions and traces
are calculated, and so on, until the estimated ratios and the prior values of the ratios are
equal. The estimates in this example converge to

65 = 91.86309,

64 = 2.5692,
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and
&% = 30.5190.

Derivation of REML from the likelihood function and a description of derivative free
REML are given in the regular notes for the course 10-638 Animal Models.
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Maximum Likelihood
L. R. Schaeffer, April 28, 1999

Hartley and Rao (1967) described the maximum likelihood approach for the estimation
of variance components.

1. ML uses the log likelihood function of y.
2. ML uses the exact same quadratic forms as REML and MIVQUE.

3. ML is translation invariant, but biased.

Henderson(1973) derived ML estimates from mixed model equations, and ML is a more
biased method than REML especially the estimator of the residual variance. Estimates of
the residual variance are generally smaller with ML than with REML due to the difference
in degrees of freedom. REML was proposed in order to account for the loss in degrees of
freedom in ML due to estimating the fixed effects. The main disadvantages of ML are the
same as for REML in that the procedure is iterative and convergence is not guaranteed.
An advantage of ML over REML is that in some models the traces that need to be
calculated are easier than those needed for REML (Schaeffer 1976).

Derivation

Assume that y is normally distributed with mean Xb and variance-covariance matrix
V and follows the basic linear mixed model. Except for a constant, the log likelihood

function of y is
Lly)==5In|V|=5 (y —Xb)V (y — Xb)

The derivatives of L(y) with respect to b and to o? for i = 0,1, ... s are
8L(y)/db = X'V-Xb - X'V-ly
OL(y)/00? = —.5tr[VH0V/0c?))
+.5(y — Xb)'V(0V/0o?)V~(y — Xb)
= 5[V V] + 5(y — Xb)'V'V,V-(y — Xb)

Equating the derivatives to zero gives

b = X'V IX)X'V'ly,
and tr[V7'V,] = (y—Xb)V~'V,;V~!(y — Xb).

Recall that Py = V~l(y — XB), where P is the projection matrix, and that V; = Z,;Z!,
then the latter equation becomes

tr[lV-'Z;,Z)] = y'PV,Py
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Notice that the right hand side of the above equation is the same as in the REML and
MIVQUE derivations. However, the difference among the methods is in the left hand side
of this equation. For REML, we have tr[PV;] and for MIVQUE it is ¢tr[PVPV,], and for
ML it is tr[V~'V;]. For ML, the left hand can be manipulated as

tr[V''Vy] = tr[R'-R'Z(ZR'Z+ G ) 'ZRZ,Z]]

and if
T = (ZR'Z+G™ )™,
R = Io},
J’_
and G = ZIJZ-Q,
then

tr[VIVY = tr(ZiZ)oy? — tr(ZVZTZ'Z)0y .

If T can be partitioned into submatrices for each random factor, then

+
To2(ZZ+ Y 1oy) = 1,

and
+
TZIZOJ2 = I- T(Z 10;2).
then
tT(Z;ZTZIZZ)O'()_4 = tr(Z;Zz)aO_Q — tT(I — TZ'Z'O',L-_Q)O'Z-_2.
Finally,

tT[V_lvi] = tT(I — Tu'Ui_Q)U‘_Z

?
= trlo;* — trTiiU;4

= qiai_2 — t’I‘TZ'Z'O'i_4.
Combining results gives
&7 = (0l + tr'Ty65) /g
fori=1,2, ... ,s, and for i = 0 gives
62 = (y'y —b'X'y —w'Z'y)/ N.
There are two major differences in these formulas from those for REML, namely,

1. ¢trTy062 in ML versus trC;;62 in REML in 67 formula.
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2. N in ML versus (N — r(X)) in REML as denominator of
(y'y — b'X'y — @'Z'y) in 63 formula.

Note that N
T=(ZZ+) Ioy)™"
and
+
C=(ZMZ + Z Iai)_l.

ML, therefore, does not account for the degrees of freedom needed to estimate b, as
reflected by T and by N in the above formulas.

Example With One Random Factor

The computations for ML become fairly simple with only one random factor in the
model. In that case, T is a diagonal matrix and its elements can be readily computed. To
illustrate, consider the least squares equations below for a model with fixed herd effects,
H, and random sire effects, S, in an analysis of milking speed observations.

8 023120 H, 36.4
0 14 3 3 2 4 2 Hy 67.2
2 350000 Sy 26.5
3 306000 S, | =1 300
1 200300 3, 14.1
2 400060 3, 26.2
0 20000 2 3, 6.8

Also let y'y = 500 and a, = 6, then the solutions are

H, = 4.44037, H,= 4.78680, S, =  .29626,
Sy= 19321, S3= .009559, S;= —.15233,
and S5 = —.34670,

The following quantities are easily calculated.

y'y —b'X'y —'Z'y = 500 — 490.7357068 = 9.264293,
W4, = .268595,
65 = 9.264293 / 22 = 421104,

ds

trTy, = Z(ni'i_as)ila

=1
= (5+6) "+ 6+6) " +(B3+6)"
+(6+6) '+ (2+6)""
568493, and
62 = (.268595 + .568493 (.421104))/5 = .101598.
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In this example, Ty, = (Z.Zs + Ias)™", and therefore must be multiplied by 67 in the
computation of 62. This gives a new variance ratio of & = 4.144807. These steps would
be repeated, many times, until the estimates converge to the values that maximize the
likelihood function. ML calculations for a model with only one random factor are very
simple even when the random factor has many levels.

One Random Factor Nested Within Another

In a two random factor model we have

oo (ZZ+Ter 77, O\ _ Ty Ty
ZI2Z1 ZI2Z2 + IOJQ

and both ¢rT4; and trT9, are needed by ML. However, if factor 2 is nested within factor
1, then we know that the columns of Z; can be formed from adding together appropriate
columns of Zs. Thus, T can be written entirely in terms of Zs, and the matrix that
describes which columns of Z, to add together to give Z;. Call this matrix F where
Z, = Z,F. Now T can be rewritten as

o_ ( FZZF +1ay  F'Zy7, i
7! Z,F ZyZ + Tay

and by using partitioned matrix techniques, then

—1
Ty = ( F(Z)Z2 — Z4Z5(ZyZy + Ton) ' Z)Z)F + Toy )
and
-1
trTy = > ( > (i —ni/ (nij + a2)) + )

i
= sza
i

where the 7 subscript is summing over factor 1 and the j subscript is summing over levels
of factor 2, and n;; is the number of observations for a particular subclass. Likewise,

Ty, = D+ DZ,Z,FT,F'Z,Z,D
where
D = (Z)Zy+1ay) ',
then
trTo = Y. ( >i(nij +a2) ™t +pi 350/ (nij + a2)?) )
Both traces can be computed readily by proper sorting of the data files by levels of factor
2 within levels of factor 1. Schaeffer (1976) gives the details for these calculations.

To illustrate ML for this type of model, consider the previous milking speed example
expanded to include cow effects (i.e. daughters within sires in the table below). Also,
some cows are allowed to have more than one observation.

47



Table 2.2 Example 2-minute milk yield data on dairy cows

Number of Total
Cow Sire Herd Observations 2-min yield(kg)

1 1 2 9.9
20.0
9.5
8.8
5.6
4.7
124
8.9
5.5
10.1
2.2
10.2
10.3
5.6
8.6
10.2
7.8
8.1
8.2
4.3
7.0
8.6

<cH®VTLOUIUOZE RNu~ITOoOHHIOQW >
G O W B R R W W N NN - R R WD NN NN
DO DO DO DD DD DD DN DN DN DO DN DN = = e e e e
DO DD DN NN FDNDNFDNRFEDND W =N N W

The least squares equations for this example are of order 29. Assume that y'y = 1,000
and that a; = 5 and a, = 2, for sires and cows, respectively. To compute the traces that
are needed, for each sire we have the following:

pi = [ (nyj —ng/(nij + oc)) + as |7
J

o= [2-4/9)+3B-9/5)+(1~-1/3)+1+2/3+5]"
= 104895,

pr = [5.33333+5.] 1 =.096774,

ps = .130435,

ps = .092025,

and ps = .142857.
Thus, Ty = .104895+ .096774 + .130435 + .092025 + .142857

= .566986.
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Now for each sire, compute

Ai

At

A2
A3
Ay
and As

Summing gives

t’f'ng = 1.

= Z(nij + )™+ pi Z(n?j/(nz‘j + ae)?),
J J

= (4 '+5 1 +3 1 +471+371) +.104895
(4/16 +9/25+1/9+4/16 + 1/9)

= 1.480187,

= 1.784946,
.913044,

= 1.668712,

= .571429.

480187 4 1.784946 + .913044 4 1.668712 + .571429

6.418318.

The solutions for herds and sires from the mixed model equations were

H, = 4914415, H, = 4.463194, S, = .2000877,

Sy =

1799721, S;= .0431308, S, = —.262278,

and S5 = —.160912.

Solutions for cows are not shown. Other calculations gave

y'y —b'X'y —

The new variance ratios were then o, = 7.97721 and o, = 3.017346. These new ratios

@'Z'y = 1,000 — 886.97832 = 113.02168,
a4, = .1689679,
Wi, = 2.4662926,
62 = 113.02168 / 40 = 2.8255421
52 (.1689679 + .566986 (2.8255421))/5

S

— 354202, and
62 = (2.4662926 + 6.418318 (2.8255421)),/22
— 936433

would be used to begin another iteration.

The EM Algorithm

EM stands for Expectation Maximization. From Searle, Casella, and McCulloch (1992)
the following explanation is given. The procedure alternates between calculating condi-
tional expected values and maximizing simplified likelihoods. The actual data y are called
the incomplete data in the EM algorithm, and the complete data are considered to be
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y and the unobservable random effects, u;. If we knew the realized values of the unob-
servable random effects then their variance would be the average of their squared values,
ie.,

62 = uu;/q;.

However, in real life we do not know the realized values of the random effects.

The steps of the EM algorithm are as follows:

Step 0. Decide on starting values for the variances and set m = 0.

Step 1.(E-step) Calculate the conditional expectation of the sufficient statistics, condi-
tional on the incomplete data.

E(uu;|y) = o/™yPm™z,zPmy
+r(07 ™1 — o} M Z (V)1 Z)
(m)

Step 2.(M-step) Maximize the likelihood of the complete data,

02(m+1) ng)/%a 1=0,1,2,...,s.

2

Step 3. If convergence is reached, set & = o™+, otherwise increase m by one and
return to Step 1.

This is equivalent to constructing and solving the mixed model equations with a given set
of variances, ™, and then

o2t = (y'y — b'X'y — 0'Z'y)/N

and 0_2(m+1) — (ﬁlﬁz + Og(m-f-l)t,r.T“)/qZ

i ]

The EM algorithm can be applied to REML estimation as well. Just replace y with
K'y and replace V with K'VK and note that

P = K(K'VK) 'K
VI-VIXXV X)XV

Then the conditional expectation in the E-step becomes

i — GHm yrpmz Zipmy | 4[] Gtz

2
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Pseudo Expectation Method
L. R. Schaeffer, April 28, 1999

In the process of making up an exam question for students in my Variance Component
Estimation course in 1986 I discovered a quadratic form whose pseudo expectation (fol-
lowing the method of deriving REML from MIVQUE expectations of quadratic forms)
did not involve the inverse elements of the mixed model equations. The estimators were
also translation invariant because they were based on the absorbed right hand sides of the
mixed model equations. The biggest advantage of these estimators was their computa-
tional ease. Unfortunately, with more than one random factor in the model, the ’quadratic
forms’ can be shown to be bilinear forms and hence not always guaranteed to be positive
definite. The method, similar to most other methods, was found to give severely biased
estimates when data were selected, as in typical animal breeding situations (Ouweltjes et
al. 1988).

Van Raden (1986) expanded the Schaeffer (1986) quadratic forms for the case with
relationships among animals, which could also be used in the basic linear model for
variance components.

Derivation
Absorb the fixed effects into the equations for the random factors in the mixed model
equations. The absorbed right hand side for the i** random factor is then
Z:My
where M = I — X(X'X) X'. The expected value is 0 and the variance-covariance matrix

1S
s

V(ZMy) = Y (ZMZ,)(Z;MZ)s?} + ZMZ 0.

j=1
The solution vector for the random factors are
i, ZMZ, +I0, ZMZy, ... Z'MZ, '/ Z My
uy Z,MZ, ZIMZy + 1oy ... ZLMZ, Z,My
U, Z'MZ, Z'MZ, oo ZIMZ, + To Z' My

The proposed quadratic forms are
0;Z;My

S S
vy — b'X'y — Zﬁ;z;y = yMy — Zﬁ;Z;My.
i=1 i=1

The latter form is the same as in REML and has pseudo expectation equal to

E(y'y — B'X'y —-a'Z'y) = (N-r(X))o?

o

52 = (yy—bX'y—dZy)/(N—rX))

o

or 62 = (y'My —w#'Z'My)/(N — r(X)).

o
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The usual expectation of 0;Z;My is
J#i
+ (qz — tTCiini)O'g,

which when «;’s are taken as ratios of the true values, reduces to
EZMy) = trZ\MZ;o?
which gives
67 = 0,Z:My | trZ\MZ,;.

The above quadratic form is always positive when there is only one random factor in the
model, and therefore, the estimator of o2 is always positive. However, with more than
one random factor in the model, the quadratic forms are really bi-linear forms and as such
can take on negative values. Also, tr(Z;MZ;) does not depend on «; and therefore is a
constant that only needs to be computed once. In addition only the diagonals of Z!MZ;
need to be computed. This can be readily accomplished for most models.

Van Raden’s Method

Van Raden (1986) proposed the following quadratic form, wii;, where w; = D;Z:My
and D; = diag{ (ZMZ; + Ia;) }7, then the pseudo expectation is

which gives
67 = whi;/tr(D;ZIMZ;).

Because D; is diagonal, then tr(D;Z;MZ;) is easily obtained, but now depends on «; and
must be re-computed each iteration. Let )y be the k™ diagonal of Z:MZ; then

t’I‘(DZZ;MZZ) = i[ )\zk/()\zk + Oéz)]

which is the sum of values that are sometimes used as approximate accuracies of elements
of 0;. Hence tr(D;Z;MZ;) will always be less than or equal to ¢;. Recall that Henderson’s
Method 4 uses w'iw; as the quadratic form, but w}a; is likely closer to @,l; than is
u,Z'My or wiw;.

An Example

Assume a model with two random factors and let y'y = 401, 000. As a priori values let
a1 = 10 and ap = 8. The rank of the fixed effects matrix, X, is 4 and the total number
of observations is 18. The first random factor has 3 levels and the second random factor
has 6 levels. The absorbed coefficient matrix is
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2.6071 —1.2143 —1.3929 —.2857 .2500 .0000 —.6429
2.4286 —1.2143 5714 —.5000 1.0000 -.7143

2.6071 —.2857 .2500 —1.0000 1.3571

2.0952 .0000 .0000 —.2857

1.5000 —.7500 —.2500

1.7500 —.2500

1.6071

The absorbed right hand sides, solutions, and w; are

Factor ZMy a; w;

1 128.8214 9.6695 10.2182

155.3571 9.0836  12.5000

-284.1786 -18.7531 -22.5412

2 6.8905 .0750 .6745

.5000 1.5094 .0526

174.2500 14.8447 17.8718
-157.6786 -12.1682 -16.4127

49.7976 5.1919 4.4738

-73.6786  -9.4528  -7.6692

and y'My = 62,796.881. The following can be calculated from the above;

The estimates are

~2
Oy

A2
0y
"2

and 05

4,Z My = 7,986.0696,
a,Z,My = 5, 461.6390,
trZ' M2Z, 7.6429,
trZ,MZ, 11.6905,

—.6786
3571
3214

—1.5238

—.2500

—.5000

—.4286

3.1310

1.3571
—.7143
—.6429
—.2857
—.2500
—.2500
—.3929
—.4286

1.6071

(y'My —0'Z'My)/(N — r(X)) = 49,349.1724 / 14

3,524.9409,
! Z! My /trZ, MZ, = 1,044.9063,
= A,Z,My/trZ,MZ, = 467.1870.

Using Van Raden’s proposed quadratic forms, the results are

W’lﬁl =

635.0673,
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whill, = 560.8674,
trDZ'MZ; = .6090,
trD,ZyMZy, = 1.1608,
67 = wia/trD,Z\MZ,
= 635.0673 / .6090 = 1,042.8034,
63 = 560.8674 / 1.1608 = 483.1732.

Problem

Below are data following a model with one fixed factor(A) and two random factors(T
and R). Apply EM REML, DFREML, ML, I-MIVQUE (if they stay positive), Pseudo-
Expectation method, and Van Raden’s method to these data and compare results.

Ay T, Ry wyym | A T; By yym | Ai T Rr yiju
1 1 1 50 | 2 1 1 65| 3 1 1 80
1 1 1 54 | 2 1 2 76| 3 1 1 83
1 1 2 59 | 2 1 2 73| 3 1 1 78
1 1 2 61| 2 1 2 7|3 1 2 95
1 1 3 68| 2 1 3 841 3 1 3 102
1 1 4 91 2 1 3 871 3 1 3 97
1 1 4 82| 2 1 4 98 | 3 1 4 109
1 2 1 41 | 2 1 4 93| 3 1 4 112
1 2 2 52| 2 2 1 53 3 2 2 81
1 2 3 64| 2 2 3 73 2 2 79
1 2 4 69| 2 2 3 413 2 4 101
1 2 4 32 2 4 86 | 3 3 1 63
1 2 4 7012 3 2 571 3 3 1 57
1 3 3 471 2 3 2 54 | 3 3 3 75
1 3 3 46| 2 3 2 51| 3 3 3 84
1 3 4 62| 2 3 3 66| 3 3 4 93
1 3 4 57 3 3 4 86
1 3 4 66

o4



Method R
L. R. Schaeffer, April 28, 1999

This method was first reported through the Animal Geneticist’s Discussion Group
in 1993. A paper was subsequently published in the Journal of Animal Science, 1994,
72:2247-2253, by A. Reverter, B. L. Golden, R. M. Bourdon, and J. S. Brinks. The
method came about as a result of a study on the change in genetic evaluations as animals
acquire more progeny as in routine beef cattle evaluations. The method is based on the
linear regression of recent solutions (based on all the data) on previous solutions (based
on a subset of all data). The expected value of the regression equals 1 regardless of the
distribution of observations or predictions. If the wrong ratio of variance components is
used in the mixed model equations, then the computed value of the regression deviates
from the expected value of one. If the computed value is greater than 1, then the h? was
too low. The method is iterative, in that the variance ratio is changed until the regression
equals one.

As with the pseudo expectation method, Method R is ad hoc in nature and the prop-
erties of the method can only be established through simulation or empirical evidence.
Schenkel (1998) has shown that Method R also suffers from bias due to non-random
mating and when pedigree files are not complete, as does nearly every method.

Development

To simplify presentation assume only one random factor in the model. Denote the data
and model for subset j by

Yi) = Xpiby) + Zgyug) + ew),

and denote the data and model for all data by the subscript (¢). Construct and solve
MME for y ;) and y ).

< XX Xwlo ) ( bk) ) _ ( XY (1 )

ZiXwy Lgyle + G a )\ A Z{y)Y )

for k = j, and for k = t. Note that the same variance ratio, «, is used for both data sets.
If an animal model is assumed where G = A, then the dimension of G must be the same
for both the subset and the total data sets. That is, all animals must be evaluated from

each subset and the complete data. Note that y() contains all of the data in y(; and
more.

The j** subset is constructed by randomly choosing a sample one half of the data. This
should probably be a random sample half of the contemporary groups, so that animals in
a contemporary group stay intact. The idea of Method R is to obtain a number of subsets
from the same complete data set, say 10 or more, and to estimate the variances from each
subset. Then the end result would be to average the 10 estimates together and calculate
their SD in order to get an idea of the variability of the estimates due to sample size.
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Now consider the i element of @ from the two analyses above.

COU(@Z'(J'), ﬁi(t)) = COU(@Z'(]'), ﬁi(j) + dl)
V(ﬁz(])) =+ COU(’&Z'(]'), dz)
= V(i)

because the change, d; = ;) — (), from subset j to complete data ¢ should be uncor-
related with the solution in subset j. The regression of ;) on ;) is then

COU (’&z(]), a,(t))
V(i)

A

= U /g 00

R, =

which should equal one.
An Example

Ilustrating Method R really requires a fairly large data set, in order to achieve con-
vergence. This example merely shows the calculations that should be followed, but the
example does not converge to a good final estimate. Below are data on progeny of ten
sires, for a model with just a mean and random (unrelated) sire and residual effects. The
left half of the table represents the data from one subset and the right half represents the
complete data.

Sire Subset 1 Complete Data
Number  n; Vi | My Yi.
1 8 11,462 | 213 29,218

2 54 6,819 | 182 23,745

3 112 15,153 | 121 16,456

4 90 11,115 | 191 23,637

5 144 16,625 | 307 35,666

6 192 26,203 | 298 40,720

7 136 17,957 | 237 30,944

8 83 10,151 | 226 27,899

9 174 20,700 | 338 39,865
10 161 21,346 | 274 36,483

The total sum of squares of the observations in Subset 1 was 20,715,797., and for the
complete data was 39,977,646.

The solutions for sires within each data set are given below, for a variance ratio of 10.
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Sire

Number | Subset 1 Complete
1 6.3132 8.2960

2| -1.2768 1.8758

3 6.8886 6.9384

4| -3.8619 -4.4988

5| -11.5384  -11.9239

6 8.2531 7.8913

7 3.9549 1.9931

8| -4.8995 -4.8277

9| -8.3459 -10.2414
10 4.5125 4.4973

From these solutions, then

i) = 434.7651
()i = 455.1629
R = 1.04692

which suggests that the ratio for this sample of data should be lower than 10. To get the
new ratio, divide 10 by R to give 9.55183. Use the new ratio to construct the MME again
for the subset and the complete data sets. Continue until ® = 1. The authors suggest
that a binary search algorithm could be faster. Start with heritability equal to .5, and
depending on the value of R go to heritability of .75 or .25. Continue reducing the interval
by one half until & = 1.

The calculations need to be repeated for other subsets of the same data set. The
Method R estimate is then the average of the estimates from each subset. Hence there
is lots of computing that must be done. However, the only requirement is for a program
that computes genetic evaluations for a particular model, and these are readily available.
Computationally, Method R is very attractive, and for randomly mating populations
Method R will give estimates close to the true values. One question is the number of
subsets that should be chosen. This depends on the size of the complete data set and the
amount of time to solve equations. The more subsets one has, the better should be the
average of the estimates.

The authors claim that the estimates, from their experience, are similar to REML
estimates, but the proof is rather loose in a technical sense. The covariances and variances
in the regression utilize the same quadratic forms and involve the same inverse elements of
the mixed model equations as in EM REML. Method R could be a method for obtaining
an initial prior value for use in Bayesian or REML methodology, rather than as a stand-
alone method. This is due to its problems with incomplete pedigrees and non random
matings, and because the properties can not be proven except empirically.
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Convergence of Iterative Methods
L. R. Schaeffer, April 28, 1999

These notes are terribly outdated now, with the use of DFREML and Bayesian meth-
ods, but they may be of interest to those that work with problems of convergence of
estimation systems.

Iterative methods of variance component estimation such as REML and ML are known
to converge at very slow rates towards a final solution via the EM algorithm. For large
datasets, the rate of convergence could affect computing costs substantially. Rates of
convergence seem to be very data dependent and even specific to particular traits within
a dataset. In REML, iterative MIVQUE is known to converge faster than the REML EM
algorithm. Convergence is also adversely affected by the number of random factors in
the model. Then there is always the question whether the system will converge or not.
Hence the researcher needs to know a) will the system converge, and b) can the rate of
convergence be improved, if the system does converge.

Below are least squares equations for a model with two fixed factors and one random
factor

226 60 72 53 41 100 126 10 86 45 37 48 K 6600
60 0 0 0 14 46 2 10 15 13 20 Ay 2100
72 0 0 53 19 0 21 19 7 25 Az 2160
53 0 22 31 3 32 0 15 3 A3 1325

41 11 30 5 23 11 2 0 Ay 1015

100 0 1 79 12 4 4 Bir | | 3000

126 9 7 33 33 44 By | | 3600

10 0 0 0 0 éy 800

8 0 0 0 ¢y 2720

45 0 0 Cs 1450

37 0 o 630

48 O 1000

Let factor C be the random factor and assume that y'y = 2,250, 000. Let the best guess of
the ratio of residual to factor C variances be 15. Both iterative MIVQUE and the REML
EM algorithm were applied to these data and the results by iteration are in Tables 1 and

2. Both computing algorithms were slow to converge, but iterative MIVQUE was faster
than REML EM.
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Table 1. Results of iterative MIVQUE.

Iteration 62 o2, ac A bi1
Number(i)
1 9138.59  659.45 13.85793 -1.14207 ——-
2 9131.43 709.03 12.87875 -0.97918 1.16635
3 9124.82  757.03 12.05338 -0.82537 1.18635
4 9118.87 802.14 11.36816 -0.68522 1.20453
5 9113.66 843.32 10.80684 -0.56132 1.22073
6 9109.19 879.92 10.35226 -0.45458 1.23481
7 9105.44 911.67 9.98767 -0.36459 1.24683
8 9102.33 938.62 9.69760 -0.29007 1.25690
9 9099.80 961.08 9.46833 -0.22927 1.26519
10 9097.76  979.51  9.28809 -0.18024 1.27203
20 9090.85 1044.20 8.70603 -0.01422 1.29466
30 9090.30 1049.49 8.66166 -0.00106 1.29245
40 9090.26 1049.88  8.65838 -0.00008 1.29750
50 9090.26 1049.91  8.65813
Table 2. Results for REML.
Iteration 5'2 (3'%’ &C Ai—l ¢i—1
Number(i)
1 9145.94 622.81 14.68508 -0.31492 ——
2 9143.95 635.96 14.37814 -0.30694 1.02600
3 9141.94 649.31 14.07958 -0.29856 1.02807
4 9139.94 662.81 13.78974 -0.28984 1.03009
5 9137.94 676.44 13.50875 -0.28079 1.03223
6 9135.95 690.16 13.23748 -0.27147 1.03433
7 9133.97 703.94 12.97557 -0.26191 1.03650
8 9132.01 71773 12.72341 -0.25216 1.03867
9 9130.08 731.51 12.48112 -0.24229 1.04074
10 9128.17  745.23 12.24881 -0.23231 1.04296
20 9111.59 870.89 10.46233
30 9100.81 958.84  9.49152
40 9095.07 1007.74  9.02521
50 9092.60 1027.79  8.8468

The final estimates were 62 = 9090.260284, 62 = 1049.912327, and ¢ = 8.65811.
Convergence Curves

The following results are due mainly to Dr. Ignacy Misztal. A plot of the estimated
variance ratio against iteration number would show a nonlinear relationship. The curve
would appear to be asymptoting to a final value if the system was converging, as in the
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example. This curve may be characterized by a model, and therefore, the asymptotic
value could be predicted if the parameters of that model were known. Let

«, = initial starting value of variance ratio,

«; = value of variance ratio after the " iteration,

A; = a1 — oy, the difference in values of the variance ratio after one iteration, and

¢; = A1/, ratio of differences in consecutive iterations.

Assume ¢; = ¢, a constant for all iterations. For REML this assumption is reasonable
since ¢; varied from 1.026 to 1.043 over the first ten iterations (Table 2), but for iterative

MIVQUE the values ranged from 1.17 to 1.272 in the first ten iterations (Table 1). If a
constant value can be assumed, then

Ay = A,/é, or more generally,

Ay = A1/¢:(A0/¢)/¢:AO/¢2
or A; = Ao/d)i.

Then

o = o+ A,
1

= o+ A=+ A+ A=, + A ¢7)

j=o
and oy = aO+AO(Z ™)
j=o
Suppose ¢ = oo, then
o = o+ 2A,(> ¢77), but notice that
j=o
Z ¢—] — 1+Z (/5 J
j=o 7j=1
= 1+¢7 Z ¢~
j=
= (1—-¢ 1!, and consequently
Qoo = ozo—i—A T

For REML in Table 2, if ¢ = 1.035, A, = —.31492 and «, = 15, then

Qoo = 15+ (—.31492) [1 — (1.035) ] *
= 15+ (—.31492)/[1 — .96618]
= 15+ (—.31492)/.03382 = 15 — 9.31263 = 5.6873T.
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Obviously, 5.68 is greatly different from the converged value of 8.65, and this is due to the
fact that ¢, is not a constant over iterations. However, if ¢ had been 1.05218, then .
would equal 8.65. Hence a small difference in ¢ can make a big difference in the predicted
ratio.

For MIVQUE let
¢ = 1.2975, a, =15, and A, = 1.14207, then

Qoo = 15+ (—1.14207)/[1 — (1.2975)7"]
= 15— 1.14207/.22929 = 15 — 4.98096 = 10.01904.

Common Intercept Approach

The Common Intercept Approach (CIA) was suggested in 1979 by Dr. Lynn Johnson
(then a postdoctoral research associate with Dr. Burnside) and has been derived from the
nonlinear model of the previous section. The purpose of CIA was to reduce the number
of iterations needed to attain convergence in any iterative procedure. In addition, CIA
can be used to determine if an iterative procedure will converge for a given data set.

Let ay, represent one starting value and let «,, represent a different starting value.
The corresponding changes in value after one iteration are A,, and A,,. Then

Qo = Olgo T A:co/(1 - (b_l)
or (1—¢™)™ = (Qpeo — Qo) ALL

which can be substituted into

Qyoo = Qyo+ Azo/(1 - ¢_1)_1
= Qo+ Azo(a:wo - a/:w)A;ol

Assuming that

Qyoo = Qgoo = Qlxo, then
-1
Qo + A.20(0400 - awo)Amo

o
which can be re-arranged to give

Qoo = (Azoazo - Azoafzw) / (Amo - Azo)-

Using the example data and REML, from Table 2, let

Qp = 15,
Ny = —.31492,
Qro — 5)

and A,, = +.40208,
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then CIA gives

0 = (—.31492(5) — .40208(15))/(—.31492 — .40208)
—7.60580 / — .717

= 10.60781.
With MIVQUE, let
gz = 19,
A,, = —1.14207,
0z = 9,
and A,, = .96246,

then

0 = (—1.14207(5) — .96246(15)) / (—1.14207 — .96246)
—20.14725 / —2.10453
9.57328.

Thus, two iterations with different starting values are needed to obtain a prediction
of the converged value. The closer the two starting values are to the actual converged
estimate, then CIA will work better. For example, using REML, with a,, = 9 and
0y = 8.5 then

Ay = .02746 and A,, = .013217, and
0 = (—.02746(8.5) — .013217(9)) / (—.02746 — .013217)
= —.35236 / — .04068 = 8.66233.

With MIVQUE, the result was 8.66014.

If the estimate of a, from CIA is negative, then this indicates that convergence may
not be possible. Select new starting ratios that are closer to each other and retry the CIA.
If the estimate of the converged value remains negative, then the system will likely not
converge. Use of an unbiased, non-iterative procedure on the same data will likely produce
negative estimates of one or more variance components. In any event, the negative value
of ay should not be used as the next prior value in the iterative procedure.

Aitken’s Approximation

Another method of determining the converged value is Aitken’s approximation given
by the following formula:

aiai+2 — %24—1
& — 20441 + Qo

Qo =
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To illustrate, take the values from Table 1 for iterations 6, 7, and 8, then

0. - 603 — o?
T ag — 207 + ag

[(10.35226)(9.69760) — (9.98767)%]/[(10.35226) — 2(9.98767) + 9.69760]
= [0.6385]/[0.07452]

= 8.56817

for MIVQUE, and

0o = [(13.23748)(12.72341) — (12.97557)2]/[13.23748 —2(12.97557) + 12.72341]
(.06047)/(.00975)
= 6.20191
for REML.

Relaxation Factors

Relaxation factors attempt to speed convergence. The success of relaxation factors
depends upon the magnitude of the factor used. If the factor is too large, then changes
between iterations may be too disruptive for the system and convergence may not be
achieved any faster, if at all. If the factor is too small, then the increased rate of conver-
gence may not be noticeable. If p is the relaxation factor, then the appropriate starting
ratio for the (i+1) iterate is not o, but is

Q) = o -+ 1% [Oli — ai—l]-

Usually a factor between 0 and 1 is used. Let p = 1 in the example, then in REML
a; = 14.68508 and «a, = 15, and therefore ;) = 14.37016. Thus, only one iteration was
skipped, and overall probably half the iterations would be needed. Care needs to be used
in choosing a value of p because it could be dependent on the data structure and the
observation values themselves. Thus, using p = .6 for all situations may not give the best
results. Some test runs with different values may be needed.
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Covariances and General Models
L. R. Schaeffer, April 28, 1999

The linear model that has been assumed for variance component estimation to this
point has variance-covariance matrices of all random factors of the form Ic¢, where c is the
variance to be estimated, and covariances between any two random factors were always
null. With animal models and maternal genetic effects, these assumptions are not met,
and some of the previous methods cannot be used. Methods applicable to more general
models are MIVQUE, REML, ML, Method R and Bayesian methods.

Covariances Between Two Random Factors
Assume the following model and example problem where
Yy = Xb + Z1U1 + ZQUQ + e,

and the data are as in the table below. The total sum of squares was y'y = 325, 520.
Also, V(u;) = Io?, V(uy) = 102, and letting u; and uy have the same number of elements
in the same sequence, then

Cov(uy, uy) = Ioys.

This covariance changes the structure of the variance-covariance matrix of y to be

VCLT(y) = ZIZIIO-% + Z2 120'3 + (Z1Z12 + ZQZII)O'12 -+ I 0'3.

Depending on the method of estimation applied to y, the quadratic forms will likely
contain gy in their expectations. If W = [X Z; Z,], then

Var(W'y) = WZ,Z\Wo?i + W'Z,Z,Woi + W' (2,2, + Z,Z, )Wo, + WWoas.

Table: Example data for two random factors with covariance.
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Level of us

Level of b Level of u;

y
145

84
83

75
122
100
172
102
158

156

84
133
139
173

117

187
150
160

The least squares equations, W'W and W'y, are
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then the solutions to the mixed model equations become

by 101.2441

by | =| 127.9646 |,

by 151.2713
Gy 7.5107 fio1 5.4623
fio 7.3838 fioo 9.9943
Gy | = =7.1244 |, | d03 | =] —7.3217
G —6.2260 fio —6.0118
fs —1.5440 fios ~2.1231

The quadratic forms and expectations were

1 i = 202.8346
2. uyu, = 223.9808
3. ajup +abny, = 415.3844
4. y'y—-b' X'y —d'Z'y = 11,372.25
and
1. A7264 14914 .13386 .16285 of
> 2. | _ 15982  .43500 .14655 .16092 og
3. | 51268  .47062 ATT76 .28089 019
4. 8.14125 7.83617 —5.75683 12.72461 08
The estimates were
62 = 23.8460, 62 = 96.8782,

012 = 210.9195, and

62 = 914.2274.

The correlation between the two random vectors was greater than one indicating that un-
biased procedures, in general, may not perform well in estimating the covariance between

factors.

REML

REML is a biased procedure because the estimates are kept within the allowable pa-
rameter space. Hence, the estimated correlation between the two random vectors should
be between -1 to +1. REML uses the same quadratic forms as MIVQUE, but also

tTCH = 66328,

The estimates were

tT‘CQQ = 66863, and tT’C12 = .43290.

&3 (y'y — b'X'y — &/Z'y)/(N — r(X))
= 11,372.25 / (18 —3) = 758.15,
&f = (ﬁllfll +t7'0115'§)/5
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202.8346 + .66328 (758.15))/5 = 141.1401,

62 = (liply + trCoy62) /5
~ _ PN ~92
and 0192 = u;u +t7‘C120’0)/5

(
(
= (223.9808 + .66863 (758.15))/5 = 146.1805,
(
(

207.6922 + .43290 (758.15))/5 = 107.1791.

The estimated correlation between the two random vectors with REML was .7462. Of
course, the procedure must be iterated many more times before a final solution is obtained,
and this could lead to a correlation that converges towards unity.

The course notes have descriptions of methods of variance component estimation for
maternal effects and multiple trait models, and will not be reproduced here.
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