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Estimation

A Problem

Gross Margins (GM) of dairy cows.
Cow Prot Type Non-return Milking Somatic Gross

kg score rate speed Cell score Margins($)

1 246 75 66 3 3.5 -284
2 226 80 63 4 3.3 -402
3 302 82 60 2 3.1 -207
4 347 77 58 3 4.3 267
5 267 71 66 5 3.7 -201
6 315 86 71 4 3.5 283
7 241 90 68 3 3.6 -45
8 290 83 70 2 3.9 246
9 271 78 67 1 4.1 70

10 386 80 64 3 3.4 280

yi = µ+ b1Pi + b2Ti + b3NRRi + b4MSi + b5SCSi + ei
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Estimation

Model

yi = µ+ b1Pi + b2Ti + b3NRRi + b4MSi + b5SCSi + ei

E (yi ) = µ+ b1Pi + b2Ti + b3NRRi + b4MSi + b5SCSi

Var(yi ) = Var(ei ) = σ2e

σ2e is constant for all observations

Other predictor variables are not available

Cows are all the same age and breed

Cows are not related
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Estimation

Matrix Notation



−284
−402
−207

267
−201

283
−45
246

70
280


=



1 246 75 66 3 3.5
1 226 80 63 4 3.3
1 302 82 60 2 3.1
1 347 77 58 3 4.3
1 267 71 66 5 3.7
1 315 86 71 4 3.5
1 241 90 68 3 3.6
1 290 83 70 2 3.9
1 271 78 67 1 4.1
1 386 80 64 3 3.4





µ
b1
b2
b3
b4
b5

+ e

y = Xb + e r(X) = 6

Var(e) = I σ2e = R
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Estimation

Estimator

What we want to estimate K′b
Estimator L′y

L′y − K′b

Var(L′y − K′b) = Var(L′y) = L′VL.

The following criteria are used to derive L′.

1

E (L′y) = L′E (y) = L′Xb

L′y is an unbiased estimator of K′b if L′X = K′.

2 L′VL diagonal elements minimized then estimator that is called best
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Estimation

Derivation

The function to be minimized is

F = L′VL + (L′X − K′)Φ

where Φ is a Lagrange Multiplier

∂F

∂L
= 2VL + XΦ

and
∂F

∂Φ
= X′L − K

(
V X
X′ 0

)(
L
θ

)
=

(
0
K

)
where θ = .5Φ

b̂ = (X′V
−1

X)−X′V−1y
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Estimation

Summary

BLUE is Best Linear Unbiased Estimator. K′b̂ is BLUE of K′b.

GLS is Generalized Least Squares

(X′V−1X)b̂ = X′V−1y

Weighted LS is GLS except V is a diagonal matrix

Ordinary LS is GLS except that V is an identity matrix
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Estimation

Cow Example

Ordinary LS equations are sufficient.

X′X =



10 2891 802 653 30 36.40
2891 858337 231838 188256 8614 10547.60

802 231838 64588 52444 2393 2915.00
653 188256 52444 42795 1961 2377.10

30 8614 2393 1961 102 108.20
36.4 10547.60 2915 2377.10 108.2 133.72



X′y =



7
92442

4420
2593
−679

469

 ,

y′y = 622, 729.
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Estimation

Cow Example

b̂ = (X′X)−1 X′y,

b̂ =



−4909.611560
4.158675

14.335441
20.833125

1.493961
327.871209
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Estimation

Rounding Errors

Xm = X −
(

(0)1 (289)1 (80)1 (65)1 (3)1 (3.6)1
)

Xm =



1 −43 −5 1 0 −0.1
1 −63 0 −2 1 −0.3
1 13 2 −5 −1 −0.5
1 58 −3 −7 0 0.7
1 −22 −9 1 2 0.1
1 26 6 6 1 −0.1
1 −48 10 3 0 0.0
1 1 3 5 −1 0.3
1 −18 −2 2 −2 0.5
1 97 0 −1 0 −0.2
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Estimation

Analysis of Variance

Source Degrees of Sum of Formula
Freedom Squares

Total N SST y′y
Mean 1 SSM y′1(1′1)−11′y

Model r(X) SSR b̂′X′y = y′X(X′X)−X′y
Residual N − r(X) SSE SST - SSR

Total - Mean N − 1 SST - SSM
Model - Mean r(X) − 1 SSR - SSM
Residual N − r(X) SST - SSR
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Estimation

Hypothesis Tests

Valid Test

An F-statistic is the ratio of two central Chi-square variables which are
independent.

Distribution

y′Qy has a Chi-square distribution if QVQV = QV, and a central
Chi-square if QX = 0

Independence

y′Qy and y′Sy are independent if QVS = 0
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Estimation

Testing The Model

FM =
SSR/r(X)

SSE/(N − r(X))

FM =
620, 209.1/6

2519.9/4
= 164.083

R2 =
SSR − SSM

SST − SSM

R2∗ = 1 − (N − 1)(1 − R2)

(N − r)
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Estimation

General Linear Hypothesis Tests

Components of Hypothesis Test

1 a null hypothesis,

2 an alternative hypothesis, usually unrestricted,

3 a test statistic, and

4 a probability level or rejection region.

H′b = c

F =
s/r(H′)

SSE/(N − r(X))

s = (H′b̂ − c)′(H′CH)−1(H′b̂ − c)

C = (X′V−1X)−
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Estimation

Exercise

Page 28, Question 4 in notes. Use R.

Set up X and y

OLS equations, solve

AOV table

Test b1 = 2 and b2 = 3 separately and together
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Estimation

Estimability

Previous examples used X with full column rank, thus X′X had a
non-zero determinant, was non-singular, had an inverse.

Most models have r(X) less than number of columns, thus X′X has a
zero determinant, is singular, does not have an inverse.
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Estimation

Example

Growth Data on Beef Calves
Calf Age of Dam Breed of PWG

Tattoo (yr) calf (kg)

16K 2 AN 346
18K 3 AN 355
22K 4 AN 363
101L 5+ HE 388
121L 5+ HE 384
98L 2 HE 366

115L 3 HE 371
117L 3 HE 375
52J 4 SM 412
49J 5+ SM 429
63J 2 SM 396
70J 2 SM 404
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Estimation

Fixed Effects, Rank

Xb =



1 1 0 0 0 1 0 0
1 0 1 0 0 1 0 0
1 0 0 1 0 1 0 0
1 0 0 0 1 0 1 0
1 0 0 0 1 0 1 0
1 1 0 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 1 0 0 0 1 0
1 0 0 1 0 0 0 1
1 0 0 0 1 0 0 1
1 1 0 0 0 0 0 1
1 1 0 0 0 0 0 1





µ
A2

A3

A4

A5+

BAN

BHE

BSM
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Estimation

Estimable Functions

Generalized inverse must be used,

C = (X′X)−

b̃ = CX′y

Infinite number of generalized inverses, solution vectors

Estimable functions are

E (b̃) = CX′Xb

If
K′CX′X = K′

then K′b is estimable.

Other solution vectors

bo = CX′y + (I − CX′X)z
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Estimation

Proofs

W′W = 0

implies that
W′ = 0

Thus, if C1 and C2 are generalized inverses of X, then

X′XC1X′X = X′XC2X′X

X′XC1X′ = X′XC2X′

XC1X′ = XC2X′

X′XCX′X = X′X

X′XCX′ = X′

XCX′X = X
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Estimation

Comments on Estimability

µ is generally not estimable by itself.

Differences among levels of main factors are estimable provided that
factor has no interactions with other factors.

Only estimable functions have any meaning or value in an analysis.

Only estimable functions can be tested.

Page 56, Question 1.

LRS (CGIL) Summer Course July-Aug 2012 21 / 23



Estimation

Model SS

SSR = b̃′X′y

= y′XCX′y

Invariant to generalized inverse.

Var(k′b̃) = k′Var(b̃)k

= k′Var(CX′y)k

= k′CX′Var(y)XC′k

= k′CX′XC′kσ2e
= t′XC′kσ2e
= k′C′kσ2e
= k′Ckσ2e

Page 58, Question (b), also (a) and (c)
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Estimation

Connectedness

Weeks and Williams (1964)

When several subclasses are empty, i.e. do not contain any observations,
then some estimable functions of b may no longer be estimable.

(1,1) (1,2) (1,5) (1,6)
(2,2) (2,4) (2,6)

(3,3) (3,8)
(4,1) (4,4) (4,5) (4,7)

(5,3) (5,8)

Page 57, Question 2 (a), (b), or (c)
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